Abstract. In a recent paper, Sarikaya et al. introduced a new analogue of the classical Gamma function which they called, the conformable Gamma function. Motivated by their results, this paper seeks to establish some inequalities for the conformable Gamma and Polygamma functions. Among other analytical tools, the procedure relies on the generalized forms of some classical inequalities.
Introduction and Preliminaries
The classical Euler's Gamma function, which is an extension of the factorial notation to noninteger values may be defined for x > 0 by any of the following equivalent forms. 
where γ = lim n→∞ n k=1
1 k − ln n = 0.577215664... is the Euler-Mascheroni's constant. It is well known that the Gamma function satisfies the basic relation:
Γ(x + 1) = xΓ(x), x ∈ R + (4) Γ(n + 1) = n!, n ∈ Z + ∪ {0}
Closely related to the Gamma function are the Digamma and Polygamma functions which are respectively defined as 
where ψ (0) (x) ≡ ψ(x).
Euler gave another definition of the Gamma function which is called the panalogue or p-Gamma function. This is defined as
where lim p→∞ Γ p (x) = Γ(x). Since then, several analogues (or generalizations) of the Gamma function have been introduced and investigated. See for instance [5] , [3] , [4] , [6] , [7] , [9] and [8] for the various analogues. Then in a recent paper [10] , the authors introduce another version of the Gamma function called the conformable Gamma function defined as follows.
be the conformable Gamma function or the (α, k)-analogue of the Gamma function introduced by Sarikaya et al. in [10] . Then Γ α,k (x) is defined for k > 0, α ∈ (0, 1] and x > 0 as
where
. In addition, it has been shown in [10] that the function Γ α,k (x) satisfies the following identities.
Γ α,k (x) = (αk)
x+α−1 αk
where Γ k (x) is the k-analogue of the Gamma function.
This paper seeks to establish some inequalities for the conformable Gamma and Polygamma functions. We begin by recalling the following lemmas which shall be required in order to prove our results.
Some Lemmas
Lemma 2.1 (Generalized Hölder's Inequality for Integrals). Let f 1 , f 2 , . . . , f n be functions such that the integrals exist. Then the inequality
holds for λ i > 1 such that n i=1 
holds for u ≥ 1.
Lemma 2.3 (Generalized Hölder's Inequality for Sums). Let i = 1, 2, 3, . . . , N and n = 1, 2, 3, . . . , T such that the sums exist. Then the inequality
Lemma 2.4 (Generalized Minkowski's Inequality for Sums). Let i = 1, 2, 3, . . . , N and n = 1, 2, 3, . . . , T such that the sums exist. Then the inequality
is valid for u ≥ 1.
holds.
Remark 2.6. Lemma 2.5 is well-known in the literature, and the proofs Lemmas 2.1, 2.2, 2.3 and 2.4 can be found in pages 790-791 of [2] .
Inequalities for the Conformable Gamma Function
This section is devoted to some inequalities involving the conformable Gamma function, Γ α,k (x).
Proposition 3.1. The function Γ α,k (x) satisfies the infinite product representation:
Proof. This follows directly from (11) and (3).
Let ψ α,k (x) be the conformable Digamma function defined as the logarithmic derivative of Γ α,k (x). By direct computations using (18), we obtain
α,k (x) be the conformable Polygamma function defined as the m-th derivative of ψ α,k (x). That is,
where m ∈ N 0 and ψ
α,k (x) is negative and increasing on (0, ∞) if m is even. Proof. These follow directly from (20).
is holds for x i > 0.
Proof. By (8) and (13), we obtain
which completes the proof.
Remark 3.4. In particular, by letting n = 2, λ 1 = p, λ 2 = q, x 1 = x and x 2 = y in (21), we obtain 
(nαk+x+α−1) 2 > 0. Remark 3.6. Furthermore, if n = 2, λ 1 = λ 2 = 2, x 1 = x and x 2 = y in (21), then we obtain the result
Theorem 3.7. Let s ≥ 1. Then the inequality
holds if 0 < x ≤ 1 and it reverses if x ≥ 2.
Proof. By (11), we have
Then (24) follows easily from this since Γ(x) is decreasing on (0, 1].
Corollary 3.8. The inequality
holds for 0 < x ≤ 1 .
Proof. By using (23) and (24) for s = 2, we obtain
as desired.
Theorem 3.9. The inequality
is holds for 0 ≤ u ≤ 1 and x > 0.
Proof. We make use of the Hermite-Hadamard's inequality which states that: if
Let f (x) = −ψ α,k (x), a = x + u and b = x + 1. Then f (x) is convex and by (27) we obtain
Then by taking exponents, we obtain the result (26).
Theorem 3.10. The inequality
holds for x i > 0, i = 1, 2, . . . , n and u ≥ 1.
Proof. By (8) we obtain
which completes the proof. Note: The first inequality in this proof follows from the fact that
u for a i ≥ 0, u ≥ 1 while the second inequality is as a result of the generalized Minkowski's inequality (14).
Remark 3.11. Let n = 2, x 1 = x and x 2 = y in (28). Then we obtain
Theorem 3.12. The inequality holds for x i > 0, i = 1, 2, . . . , n, λ i > 1 and
Proof. By (8) and the Weighted AM-GM inequality (17), we obtain
That is,
Then by exponentiating (30), we obtain the desired result (29).
Inequalities for the Conformable Polygamma Function
In this section, we establish some inequalities for the conformable Polygamma function ψ
holds for x i > 0.
Proof. By letting α = k = 1 in (21), we obtain Γ n i=1 
which gives the desired result (31).
Remark 4.2. By letting s = 2, λ 1 = p, λ 2 = q, m 1 = m, m 2 = n, x 1 = x and x 2 = y in (31), we get the result
Furthermore, if m = n in (32), then we obtain
is valid. 
Conclusion
Recently, Sarikaya et al. [10] introduced a new analogue of the Gamma function which they called the conformable Gamma function. Motivated by their results, we have established some inequalities involving the conformable Gamma and Polygamma functions. Apart from providing generalizations of some known results in the literature, the established results could trigger new research directions in the area of study.
